A SEARCHFORLOW AV EARTH-TO-MOON TRAJECTORIES
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Abstract

A search for low AV 1 ‘arth-to-Moon trajectorics has
been initiatcd. Numerical intcgration of the cquations of
motion from the circular restricted three-body problem has
resulted in the computation of a trajcctory that saves more
than 100 m/s over a Hohmann transfer, although the flight
time is almostten months. The approach used involves
the computation of two trajectory “legs”: first, a trajectory
from low 1 iarth orbit to the 1 libration point of the Farth -
Moon system, and second, a trajectory from 1. 10 orbit
about the Mom. Multiple orbits about Yarth using lunar
perturbations facilitates the transfer tol.;. Similarly, the
1., to Moonleg uscs the perturbation from the 1 iarth o
achicve a low orbit about the Moon, Small maneuvers arc
used in both legs 10 control the orbital period so the third
body perturbations can be used advantageously.

Introduction

Most spacecraft on 1 ‘arth-to-Moon trajectories arc
limited in their mass by the propulsive requirements. Of
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course, any reductions in the propulsive requirements arc
beneficial since more mass (c.g., scientific instruments or
humans) can be delivered m the final destination. This
problem has bcen studied extensively since, and cven
before, space travel began. Such research has produced a
number of useful trajectory designs and trajectory analysis
tools. In recent work by Sweetser! the minimum total AV
required to reach the Moon from Farth (as a lower bound)
was quantificd. “Ibis research, however, did not Produce
the actual trajcctory that uses the. minimum AV amount,
assuming that onc even exits. Nevertheless, the results
(applicable to the circular restricted three-body problem)
do reveal some conditions on the trajectory that would use
the minimum AV. The current effort, then, give.n the
minimum AV amount, is to find a trajectory that uscs that
minimum (or at least is "close” m it). If the. time-of-flight
is prohibitively long for practical applications, a transfcr
trajectory can be sought that is near the minimum but that
has a shorter travel time. This study has focused on
trajectorics computed using some of the conditions given
in Reference 1 that arc required by the minimum AV
trajectory. These conditions do not completely specify the
number of mancuvers, their locations, magnitudes, and
dircctions. ‘Thus, determining the strategy to define each
mancuver is onc of the more important aspects of this
work. While a trajectory has not yet been found that uscs
the minimum AV, some relatively low AV cases have been
obtained and arc the subject of this paper.

Previous Contributions

1 iarly efforts on the 1 iarth-to-Moontransfer problem
include works by 1 igorov2 Bucheim?, and NASA in the
Iunar Flight 1 landbook?. Thesc approaches quantify the
minimum velocity required near the l}arth to achieve a
transfer to the Moos within the context of the restricted
three-body problem,  In addition, dircct two-impulse



trajc’dories have been computed by many using patched-
conic and/or numeric.al integration methods thatdo not
minimize AV but do admit free-rcham trajectories and arc
therefore more useful for human-bascd missions,

A new class of translunar trajectories has recently
been found by Belbruno and Miller>7 that uses the solar
perturbation to lower total AV, These trajectorics have
flight times of three to four months and  save.
approximatcly 100 m/s over dire.c[ ballistic transfers.

la sccking fuel-cffic.ient trajectorics to the Moon,
Sweeltscer first identified the. minimum total required AV to
leave anorbit about the 1 iarth and insertinto lunar mbit.1
Using the restricted three-body problem and Jacobi’s
constant, a lower bound on required AV was dctermined.
(T'he actval figure depends on the initial 1 ‘arth orbil, the
final lunar orbit, and their inclinations.)

Model: The Restricted Three-Body Problem

The equations governing motion in this problem arc
wrillen in the form associated with thic circular restricted
three-hdy problem. In defining the usnal rotating
coordinatec  system, the x-axis is dirccted from the
barycenter to the smaller primary (i.c., barycenter o
Mom). The y-axis is rotated 90° from the x-axis in the
primary planc of motion, The z-axis completes the right-
handcd frame, defining the out-of-plane dircction. The
problem is nondimensionalized in the usual manner in
which the distance between the primaries, the sum of their
masses, the angular velocity of the rotating framc, and the
universal gravitational constant arc all unity.  The
parameter |t is defined as theratio of the smaller primary
mass to the sum of both primaries’ masses.

J.etthe vector p describe the position of [he. spacecraft
(assumed to be an infinitesimal mass) from the barycenter
such that p has components x, y, and z. The equations of
motion, assuming circular primary motion, canbe writien
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These equations arc well knows and their derivation is
widely available.®

‘Two other aspects of the restricted three-bml y problem
arc of particular importance 1o this work. Anintcgralof
motion was given by Jacobi as

C=2U - (x24y247%), @)

and is used in quantifying the minimum AV required 1o
transfer from liarth orbit to lunar orbit,  Also, five
equilibrium points or libration points were found by
Lagrange in 1772. ‘The 1,1 or interior libration point
located on the | ‘arth-Moon line between the | lart h and
Moon (58,071.6 km from the Moon) is specifically used
here.

Search Strategy

The search for low AV Larth-to-Moon trajeclorics has
been attempted primarily through numerical means, i.e.,
propagation by numerical integration of the cquations of
motion. ’I'ransfers have been sought that originate in a
low FHarth orbit of 167 km altitudc and terminate in a
lunar circular orbit of 100 km altitude. In this study, all
motion has been containcd in the plane of the motion of
the primaries. The software used to analyzc this problem
has been structured to allow  convenient trial-and-error
inputs of AVS at specific locations,

Preliminary Considerations

The work by Sweetser reveals cerlain conditions on
the minimum AV 1 ‘arth-to-Moon transfer.  First, the
trajeclory must pass through the 1] point, and, at the 1
point the velocity relative to the mating frame must be
zero. Thus as the spacecraft approaches 1.1 from the
Farth, it apparently “slows down", asymptotically
approaching zcro velocity relative 1o the rotating frame.
The spacecraft then proceeds to the Moon by departing the
1,1 point asymptotically from zero velocity. Of course, the
asymptotic arrival/departure at 1.; would result in an
infinite time-of-flight,

Another condition states that the change in Jacobi’s
constant as a resultof a maneuver is maximized if the AV
is performed where the velocity relative 1o the rotating
frame is greatest and is performed in the same dire.clioa as
the velocity relative tothe rotating frame. As shown in 1,



maximizing the change in Jacobi's constant as the result of
a mancuver is generally desirable in transferring from low
]iarth orbitto 1. and from 1.1 (o lunar orbit.

The Goal
The minimum AV to travel from low Iarth orbit to

lunar orbit, assuming motion governed by the circular

restricted three-bd y problem, is given by S weetser! as

AV, = AVy 4 AVy 3)

min
where
AV, = [8Cy; 4 Vi - vy,

and
AVy = [8Cy 4 V1 - vy

The quantity AV}, represents the: minimum AV 1o transfer
fromlow 1 {arth orbit 1o 1.y and AV, is the minimum to
transfer from 1., to lunar orbit (where the trajeclory arrives
atl. from 1 {arth with zero velocity relative to the rotating
frame before procecding to the Moon, as described in the
previous paragraph).  3C;, is the changein Jacobi’s
constant from low 1 ‘arth orbitto I} and Vy, is the velocit y
in the low 1iarth orbit relative to the rotating frame.
Similar dcfinitions apply for 8Cy and V,,. Using the
relationships given in (3) for the case mentioned
previously, transferring from a circular low 1 ‘arth orbit of
167 kmaltitude to 1] requires at least 3.099 km/s and
from 1,1 10 a 100 kmaltitude circular lunar orbit of z¢cro
inclination requires at lcast 0.627 kin/s.

Ihe Strategy

Given the conditions for a minimum AV transfer,
trajeclorics have been sought originating from low 1iarth
orbit that pass through the 1 {arth-Moon 1., li bration point
with almost no velocity (refative to tbe rotating frame) and
that cnter into orbit about the Moon. (A's mentioned
previously, trajectorics that arrive at 1.1 with no velocity
relative to the rotating frame would have infinite flight
times, thus, in an cffort to obtain practical flight times,
small arrival velocities at 1,1 were uscd.)1 lath trajectory
is "formed” by computing (wo “legs”: first, from low
1 ‘arth orbit (circular orbit of 167 km altitude) to the 1,1
point, and sccond, from the 1 -1 point to lunar orbit
(circular of 100 km altitude). Discrete AVS arc applicd at
perigee/perilune locations to control the orbit periods so
that the perturbing gravitational force from the (hird body
(Moon or Farth) can be used advantagcously. Although
not specifically computed here, trajectories from the Moon

to the 1 ‘arth could be found using a strategy similar (o that
described in the following paragraphs.
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Computing a mancuver or series of maneuvers for a
trajectory originating in low 1 iarth orbit to arrive at the 1.1
point with a small velocity magnitude would require some
type of targeting algorithm. ‘1’0 avoid this complication,
Varth-to-1,; legs have been found by numerically
integrating backward in time starting at 1., with a small
velocity (--1 rids) that is just enough to "push” the
trajectory reward Iarth (instcad of the Moon). The
trajectory then "sctlles” into a large near-clliptic orbit
about the Yarth (semimajor axis --205,000 km) that is
perturbed by the Mom. The strategy used here is to
implement AVS (oriented in the direction of the velocity
with respect to the rotating frame) at certain perigee
locations that adjust the orbit period (o control the lunar
perturbation effects.

The initial clliplic orbit (going backward in time.) has
a period of approximaltcly 10.7 days. This resultsina 5:2
resonant behavior’ in which the Moon completes two orbits
while the. spacecraft trajectory completes five. Thus in
five orbits the orbit spacccraft apogee will again be
oricnted approximately toward the Moon along the  x-axis
(and will also pass relatively closc tothc Mom). The
oricntation of the line of apsides to the x-axis is critical in
determining how th e lunar perturbation changes
subscquent orbits. To quantify these effects, the angle o

(- 180° <rx<180° ) is dcfined that represents the angle
between the Harth-Moon line and the 1 iarlil-spacecraft line
when the spacceraft is at apogee. o is defined as zero
when the spacccraft apogee line lies on the 1 iarth-Moon
ling and is dirccled toward the Mom. Positive O is
defined such that the Moon “trails” the spacecraft as the
spacecraft rc.aches apogee (for a “time forward”
perspective).

Fxperimentation by implementing small mancuvers
(~+ Sm/s) atthe first (as integrating backward) perigee
point revealed s o m e general trendson the Junar
perturbation cffects a s related 0 o, As integrating
backward, a valuc of o between O and 430 degrees
produces a subscquent significant perigee increase and
apogee rcduction on the next orbit revolution.  If o is
between O and -30 degrees, the next perigee and apogee
decrease significantly. In addition, the magnitude of the
reductions and increases are much greater at apogees close
tol.;, and, in general, the perigee changes are greater than
the apogee changes. 1, as a result of a mancuver, apogee
becomes too high, the subscquent path. may leave the
Farth's vicinity and enter into orbit about the Moon. Also,
as o gets larger the changes in perigee and apogee are not



as great since the spacecraft dots not pass as dose. to the
M (inn.

The strategy used is a balancing act to try (0
maximize perigee drops while avoiding being drawn into
the Moon's vicinity, By using small maneuvers at perigee
locations, the orbit periods can be changed slightly which
acts 1o control the value of a.  In particular, when the
spacecraft apogee is oricnted toward the Moon (a smalt),
a mancuver is used (when neccessary) at some  previous
perigee to adjust o to licin the approximate range of

-10° <o <0°, |If a is too large (e.g., 5° or 100), a
negative mancuver (energy and period reducing) is used.
When ncecssary, positive maneuvers arc used even though
they add energy 1o the orbit, since this undesirable effect
(as procceding backward in time) is far exceeded by the
benefits of the enhanced lunar perturbation effect of
perigee drop.

As perigee drops, the scmimajor axis decrcases and
thus the orbit period dex-masts as well. When this occurs
a 3:1commensurability between the lunar and spacecraft
orbits is e¢stablished and is maintained until the perigee is
reduced to the required altitude for injection into the
circular low Earth orbit. A large AV is used for this final
maneuver (which, of course, is actually the first maneuver
ontof low Yarth orbit with time progressing forward).

L-to-Moon Leg

The 1., -lo-Moon leg is computed using a strategy
similar (o the Harth-to-1.; leg. in this case, the numerical
integration proceeds forward in time. A small initial
velocity is specificd at the libration point which is just
cnoughto “push” the spacccraftinto an orbit about the
Moon (instcad of the 1 farth). Thus when the two
trajectory legs arc "patched” together a small velocity
discontinuity will exist at 1., requiring a small AV at this
point.

The 1 ‘arthnow acts as the third body and is used to
reduce perilune to the lunar orbit distance. A relatively
large mancuver is performed at perilune to circularize the
orbit about the Moon.

Results

Constants
The following constants were used in this study:

a = 384,748 km (mcan scmimajor axis of lunar orbit)
a = 2.661700x10-6 rads/scc (mean motion of Moon)

Py = 4,902.79 km¥/s? ((gravitational constant limes
lunar mass)

My = 398,600.49 km3/s? (Gravitational constant times
I {arth mass).

These value.s produce M = 1.2150557 x10-2 andanl;
location 58.071.6 km from thc Mom.

Liarth-to-1,, 1cg
The lowest AV case obtained m date requires a total

AV amount of 3.1937 km/sto travel from low 1 ‘arth orbit
to 1,1. Six maneuvers arc uscd over a time-of-flight of
239.76 days. The spacecraft arrives at 1.; with a velocity
of 0.95m/s in the negative y direction. This trajectory leg
exceeds the theoretical minimum  of 3.099 kim/s by 95 rid,)
leaving the challenge to further reduce the AV while also
reducing the lengthy lime of flight,

L;-to-Moonleg

Inthis leg, the AV was much more easily reduced,
almost to the theoretical minimum value. of 627 rids. This
suceess may be duc to the relatively larger perturbing
cffectof 1 iarth's gravity. Thelowest AV case uscs three
mancuvers and totals 629.4m/s over S2.26 days. 'the
spacccraft departs 1,, with a velocity of 0.1 m/s in the x
dircction. In pursuit of a more uscful trajectory, future
efforts could try to reduce the. flight timc whilc attempting
to retain the near-minimum AV amount.

Ihe Patched Trajectory

Figurc 1 shows both legs of the trajectory relative 10
the rotating frame. The origin of the plot corresponds to
the barycenter of the 1 ‘arth-Moon system, and the x and y
axes arc as defined previously for the rotating frame. The
trajectory begins with the first maneuver used to depart the
low 1 darth orbit (“1 <arthinjection"), and ends with the
mancuver used (o insertinto the circular orbit about the
Moon ("Moon insertion"). ldgurec 2 shows the same
trajectory in the incrtial frame, with the. origin at the
barycenter as in Figure 1. InIigure 2, then, the x and y
axes representinertially fixed directions. ‘L’able 1 displays
a time-history of the trajectory starting from the injection
mancuver at time zero out of low }arth orbit to insertion
into the circular lunar orbit. The total AV, including the
small mancuver of 0.96 m/s at the 1,1 point, is 3.8240
km/scc. ‘The total transfer time is 292.02 days,

igure 3 shows an expanded view of the 1.;-to-Moon
leg in the rotating frame. In this figure the origin has
been moved m the center of the Mom.
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Yigure 2. Earth-to-Moon Trajectory Shown in the

Yigure 1. Karth-to-Moon Trajectory Shownin the
Inertial I'rame
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Table 1. Time| listory Of Earth-to-Moon Trajectory.

Time AV AV 1)istance (o
(Lrays) (L11)s) 1 ocation Perigee/Perilunc
R _(km)_
0 +3126.008 110 06,545
_ 27 + 8.673 .-|__Perigec#l 12,983
54 -t 16.000|. Yerigee #3 . 24,379
| 82 +25.000 Perigee #7 42,020
162 | +16.000 | Ikrigec#15 104,651
219 | 2000 | Verigee#20 | 126509
240 40955 | 14  NIA___
2s5 41.000 " Peritme #_ | w7
270 41215 | Perilnc#a | . 7,594
292 627.181 | TamarOrbit | 1838
TOTAI, 3824 |
AV km/sec
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Figure 3. 1.;-to-Moon Leg Shown in the Rotating
Frame

A ‘Trajectory with Lowes Total AV

The 1 darth-to-1.,leg of the trajectory described above
uscs a 3:1 commensurability between the spacecraft orbit
about 1 iarth and the lunar orbit. By using a 4:1
commensurability the AV from the 1 larth to the, Moon was
reduced by approximately 13 m/sto a totalof 3.81122
km/s. 1 lowcever, the reductionin AV come.s with an
increasc in total time-of-flight 10506.61 days, making this
trajcctory an unlikely choice for an actual mission design,

Discussion

Different aspects need tobe considered when
asscssing the merits and deficiencics of transfer
trajectorics from the IHarth to the Moon. Of course, when
humans arc being transported the low AV trajectory found
in Ibis study would not be suitable duc to the Iengthy time-
of- flight. 1 lowever, in missions where short flight times
arc not as critical, this type of trajectory may be of use.
Iixamples include “cargo” missions delivering a large
payload mass 10 the Moon and spacecraft requiring as
much payload capacity as possible. in both of these cam
the long flight times may be palatable to mission
designers,

‘I’able 2 shows a summary of 1 ‘arth-to-Moon transfer
trajectorics. The total AV, time-of-fligh(, 1 ‘arthinjection
AV, and lunar insertion AV arc listed. It should be noted
thatunlike the final cquatorial orbit about the Moon used
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here, the llclbraao-Miller trajeclory terminates in a
circular polar orbit.

The trajectory compuled in this study features a lunar
orbit insertion AV that is 192 m/s less than that for a
I lTohmarnin transfer, potentially important for maximizing
payload capacily on a spacecraft. In addition to
comparing trajcc.tories on the basis of total transfer AV
then, it is also useful to consider the payload mass that can
be delivered using each trajectory type. This is probably a
superior basis for comparison, since the throw weight
available for mission instruments and cquipment is the
most critical clementin the design of most missions., In
addition, the total AV sum is mislcading in the sense that
most of it must be executed by a launch vehicle with a
propulsion system and stage efficicncy very different than
the. spacccraft. Unfortunately, the relationship between
AV and payload capability is not a simple. oat. A launch
system and spacecraft must be completel y designed before
tbc payload capability is firmly established. Nevertheless,
there arc simple designrulesthat may be applied to
provide estimates of payload mass that could be delivered
base.d on different transfers.

As onc example, the payload capacity available
reboard a small spacecraftin the 1000 kg range using
different transfers is examined. The following
comparisons arc based on the use of a three-stage elta 1 |
6925 Taunch vehicle capable of injecting a wet spacecraft
mass in the rangcof 1000 to 1100 kg onto any of the
trajectories considered.  The precise mass allowed is
related to the required injection velocity by the
performance results publishcd by Mcl Yonnell Douglas.®
These results contain considerable margin, soho
additional margin is carricd in the spacccraft designs
considered here. ‘Total propellant mass required is derived
incach case. from the spacecraft AV requircment and the
classical rocket equation, from which payload capacity can
then be computed. Spacccraft-to-launch vehicle adapter
mass is assumed to bec 3% of the wet spacceraft mass.
Total spacecraft structurc mass is taken as 1 8%. The inerl
spacecraft propulsion system mass is a combination of 25
kg plus 2(1% of the total propellant mass carried, based on
the assumption of using a small bi-propellant system with
a thrust of approximately 400 Newtons (sized for a single
large lunar orbit insertion bum) and a set of small rcaction
control engincs. The average specific impulse of the
system is 290 sce., Unusable propellant residuals equal to
0.5% arc assumed.

Table 3 shows payload capabilities derived according
lo these assumptions for four different trajectory designs.
The first is a theorctical } lohmann transfer. The
liclbruao/Miller trajectory is also presented along with
Sweetser's theoretical minimum AV case and the
trajectory presented by the authors in Ibis paper. This last



Table 2. Summary of Earth-to-Moon Transfers

TOTAL. LEARTI1 MOON
TYPE M(]D111, AV INJECTION INSERTION
(km/sec) AV (km/scc) AV (kiliscc)
Minimum |  ABody | _ 3720 | 309 0.627
This Study 3Body . f  3RM 39 0.629%
Belbruno/Miller Real World 3838 1 3187 0651
Biparabolic 2-Body 3.946 3.232 0714 ..
Holmann [ _ 2-Body __ | _ 3959 13.140 0.819

*Includes mid-course mancuvers

trajectory appears twice in the table, with the second
appearance representing the results of usinga  low-thrust
clectrothermally augmented thruster such as an arcjet (ypc
with an average specific impulse of 510 sec. Such a
system would have. demanding power requirements and a
thrust level around (0.2 Newtons. Nevertheless, it may be
feasible for the type of low-energy transfer described in
(his paper provided thatthe final lunar orbit inscrtion buro
is cxecutedin several stages, cach AV under 100 m/s.

1.ow-thrust, high-cfficicocy systems arc certainly not
anoption for near-l Johmann cases in which a single fairly
large impulse is required for lunar capture. 1 ‘or the low-
energy cascs io the example here, a large impulse is not
required for capture, a n d the resulting cfficicncy
advantage provides 161 kg (or30%) Of usable payload
morc than a comparablc 1 Johmann mission.

As compared to the [lJclbrooo-Miller trajectory, which
extends 10 near the 1., point of the Sun-¥iarth system
(-1 .5x10% km from Earth), the trajectory in this study
never lecaves the 1 iarth-Moon system. By remaining near
the 1 ‘arth throughout the trajectory, communications and
operational requirements could be simplified. 10 addition,
the Belbruno-Miller trajectory may have more restrictive
launch windows than the trajectory presented iu this
paper.

Table 3. Summary of Payload Mass Deliverable 10 the

Concluding Remarks and Future Work

While the trajectory found io this study has a low total
AV compared to other designs, its uscs are limited duc to
the long time-of-flight.  Tuture work could examine a
numbcer Of aspects of this trajectory. The Tarth-t0-1.; leg
AV is still significantly higher than the theorctical
minimum, and it is possible that a trajectory with a lower
AV sad/or shorter flight time might exist. Also, the
trajectory in this study was computed assuming circular
lunar motion with no solar or other perturbing effects. A
more realistic model could bc used to examine whether the
trajectory and its corresponding Av change significantly,
and, if the solar perturbation couldbe used beneficially to
rcduce the AV incurred sad/or the time.-of-fliglll.

Another important aspect 10 consider i s the
navigation requirements for spacecraft on these types of
trajectorics. Since these trajeclories will likely have high
sensitivitics  to mancuver  cxecution  errors,  the
requircments (0 maintain navigational control of th e
spacecraft should be examined.

A final pointto note is the possible application of the
1., -to-Moon Ieg for usc as a transfer trajectory for future
lunar opcrations whenusing 1., as a staging point between
the Harth and Moon. As computed io this study, the AV
for this lcg is near the theoretical minimum AV and has
relatively small mancuver magnitudes at the 1.; departure

Moon and the lunar insertion locations (0.1 m/s and 62.7 m/s,

- respectively). This type of transfer from 1.5 10 the Moon

Trajectory Maximum would also have the advantage that there would be no

Type Payload Mass restrictions on the launch window departing 1.1, Again,

e (Kg) e howcever, the flight time is long (--50 days), and futurc

_1‘10'““3"" 9212 efforts could examine rcducing this time while attempting

Belbruno/Miller™” 556.8 1o retain the Jow AV cost.

‘Minimum! 0158
This Study __._570.3 __
This_Study*. -+ _ v . 6820 . . _

*Jsing a low-thrust clectric thruster
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